Abstract. The spontaneous magnetization of the Ising model with pure three-spin interactions on a Union Jack lattice is obtained in t e r m of the magnetic and the ferroelectric orderings of the eight-vertex model. Magnetizations of the two sublattices are found to possess different critical exponents.
For the triangular and the Union Jack lattices, a non-zero spontaneous magnetization exists below the critical point. Baxter et a1 (1975) recently conjectured on the exact expression of this zero-field magnetization for the triangular lattice. To complete the t Work supported in part by the National Science Foundation. picture, we obtain here an expression for the spontaneous magnetization of the Union Jack lattice.
The Union Jack lattice is composed of two non-equivalent sublattices. The structure of a unit cell is shown in figure l(a) where the spins on the two sublattices A and B are designated respectively by o and s. As we shall see, an interesting feature of our result is that the two sublattice magnetizations possess different critical exponents.
Let Z3-spin be the partition function defined by the Hamiltonian where the first sum is over all N unit cells and the second and the third sums over the respective sublattices. The sublattice magnetizations are then
Following Hfntermann and Merlini (19721, we first carry out the summations over the s-spins in Z3-spin, For each unit cell shown in figure l(a), we write
Then the three-spin interactions and the magnetic field H at the spin s in figure l(a) are replaced by the two-and four-spin interactions shown in figure l(b). The RHS of equation (4) is of the form of the Ising representation of the general eight-vertex model (Wu 1971) with horizontal and vertical two-spin interactions KT + K: and K ; + K z , respectively.
There are eight unknowns on the RHS of equation (4); also, (4) leads to precisely eight independent equations. The equations can therefore be solved, leading to the following solution:
The partition function of the three-spin model defined by equation (1) is now related to that of the two-and four-spin model in a magnetic field H' through 
Here, again, the derivatives are evaluated at L = 0 or KT + K ; = K:
Substituting (7) into (1) and using (9) and the symmetry relation we find
is the spontaneous polarization of the eight-vertex model (Wu 1971) regarded as a ferroelectric. Explicit expressions for M O and Po are not known, but on the basis of very plausible guesses, Barber and Baxter (1973) and Baxter and Kelland (1974) have conjectured on the exact forms. We now transcribe their results into the three-spin model.
Let k, y and v be defined by
Further, define
where K and K' are, respectively, the complete elliptic integrals of the first kind, of moduli k and (1 -k2)"'. It was found that M O and Po are non-zero only below the critical point. Using the conjectured expressions of M O (Barber and Baxter 1973) and Po (Baxter and Kelland 1974) , we arrive at ( 1 8) Thus the two sublattice magnetizations possess different critical exponents.
